Particle creation rate for dynamical black holes by Firouzjaee, Javad T. & Ellis, George F R
Particle creation rate for dynamical black holes
Javad T. Firouzjaee1,2
1School of Astronomy, Institute for Research in Fundamental
Sciences (IPM), P. O. Box 19395-5531, Tehran, Iran and
2Department of Physics (Astrophysics), University of Oxford, Keble Road, Oxford OX1 3RH, UK ∗
George F R Ellis3
3Mathematics and Applied Mathematics Department,
University of Cape Town, Rondebosch, Cape Town 7701, South Africa†
Abstract We present the particle creation probability rate around a general black hole as an
outcome of quantum fluctuations. Using the uncertainty principle for these fluctuation, we derive
a new ultraviolet frequency cutoff for the radiation spectrum of a dynamical black hole. Using this
frequency cutoff, we define the probability creation rate function for such black holes. We consider a
dynamical Vaidya model, and calculate the probability creation rate for this case when its horizon is in
a slowly evolving phase. Our results show that one can expect the usual Hawking radiation emission
process in the case of a dynamical black hole when it has a slowly evolving horizon. Moreover,
calculating the probability rate for a dynamical black hole gives a measure of when Hawking radiation
can be killed off by an incoming flux of matter or radiation. Our result strictly suggests that we have
to revise the Hawking radiation expectation for primordial black holes that have grown substantially
since they were created in the early universe. We also infer that this frequency cut off can be a
parameter that shows the primordial black hole growth at the emission moment.
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I. INTRODUCTION
Most calculations of the particle creation rate from black holes assume a stationary geometry. However
in an astrophysical context, matter and radiation will be falling into the black hole [1, 2]. This has various
consequences. Firstly, the usual black hole uniqueness theorems, which depend on a vacuum condition,
will no longer hold, as recently pointed out by Hawking et al. [3]. Secondly, the usual calculations of
black body radiation emission need to be amended to take the dynamic geometry into account (they
almost all, explicitly or implicitly, rely on the Killing vectors in the vacuum, which are references for
defining the mode functions). For the extended maximal geometry including a bifurcate Killing horizon
[4], one can derive the Hawking radiation formula according to the Hawking-Hartle vacuum, which
uses the Killing vector field to define positive and negative mode functions. These definitions implic-
itly rely on asymptotic flatness of spacetime, which does not hold in the case of a cosmological black hole [1].
As discussed in two previous papers [5, 6], Hawking radiation will be suppressed in dynamical black
holes with matter or radiation accretion. This will be the case until very late times, when the dynamical
horizon becomes a slowly evolving horizon. It has been claimed that this suppression effect will be
negligible for dynamical black holes, but the argument has been made either on the basis of stationary
models, or on the basis of scattering models which do not necessarily apply when infalling (positive
density) radiation makes the apparent horizon spacelike [7]. We will model dynamic horizons in this
paper, but the calculations are limited to the slowly evolving phase of a black hole. We show that
the dynamical effect is negligible in this case (one might assume this is the case on physical grounds,
but a calculation is needed to confirm this intuition). But nothing ensures that primordial black holes
are slowly evolving, because the background thermal radiation provides the matter flux affecting this
evolution and hence affecting Hawking radiation. We prove we can neglect Hawking Radiation in this
case by calculating the probability creation rate. However we do not estimate timescales.
To quantify the particle creation rate for a general black hole, we have to revise the analysis more
fundamentally than using methods that rely on Killing vectors. It is known that particle creation
is a quantum effect which comes from quantum fluctuations. The basis of quantum fluctuations is
Heisenberg’s uncertainty principle, which somehow violates energy conservation at the quantum level (and
for short times). The virtual created particle-antiparticle pairs can become real in special environments
like strong electric fields (Schwinger effect), special boundaries for the field (Casimir effect), and a black
hole event horizon (Hawking radiation). In this paper we derive the nature of particle creation around
a general dynamical black hole according to the quantum fluctuations. Along the way, we calculate
the probability rate of radiation for the general dynamical case, and give an upper bound for the
energy spectrum of the radiation. For dynamical black holes, the spectrum range is smaller than in the
non-dynamical case. We show that for a slowly evolving black hole the matter flux can be negligible
and the black hole radiation luminosity is very close to that in the Schwarzschild (stationary) case. This
is not surprising, but one needs a calculation to prove the black hole radiation is the same in these two cases.
Section II reviews the motivation for deriving a general picture of Hawking radiation. The main new
results here are, in Section III, we describe Hawking radiation according to particle creation in quantum
field theory for a general black hole, generalizing the particle picture in a stationary black hole. Then
in Section IV, using the Vaidya exact dynamical model, we calculate the probability rate for particle
creation for some dynamical black holes with different matter fluxes. In Sections V and VI we apply this
to galactic black holes and primordial black holes respectively. In the latter case there can be a significant
reduction of Hawking radiation.
3We do not specifically investigate different Hawking radiation methods or contexts, but rather consider
generic constraints on the radiation spectrum that apply in all cases. We illustrate them by some comments
on the case of primordial black holes, when the matter flux is not negligible, and where the results might
be very different from what is usually expected. To determine whether this is so or not will required
detailed calculation of accretion of matter and radiation in the context of the early universe. The result is
not obvious; we have to obtain clarity by investigating dynamical black holes, not the Schwarzschild case.
We show how to approach it in the case of genuinely dynamical black holes.
II. BLACK HOLE PARTICLE CREATION
Most Hawking radiation calculations apply only in the case of stationary geometries (Section II A), when
timelike Killing vectors are present and the apparent and event horizons are identical. However there are
some methods that apply in the dynamic case (Section II B), when either the apparent horizon is timelike
and lies outside the event horizon, which is the case of Hawking radiation backreaction in an asymptotically
flat context, or is spacelike and lies inside the event horizon, which is the case of cosmological black holes
(with matter and infalling radiation) that is of interest to us.
A. Stationary case
The standard way to calculate the particle creation rate is by using the expectation value of the number
operator, N = a†a, with an appropriate vacuum. The computation involves Bogoliubov transformations
relating the past vacuum and future vacuum states. Quantizing the field, solutions of the classical
equations can be written as a linear combination of positive-frequency and negative-frequency parts
corresponding respectively to particles and antiparticles.
To do this calculation we need to assume a stationary geometry so that we can define the positive and
negative mode functions by using the timelike Killing vectors. In this way, the Euclidean action method
based on a path integral [8] and gravitational anomaly methods [9] have been used to calculate Hawking
radiation. They both are applicable in the case of a stationary geometry because a key role is played by
the exponential relation between an affine parameter and a Killing vector parameter ([10]:(2.16)). The
observed radiation is related to the event horizon, because it must escape to infinity: we have to locate a
boundary so that created particles can get to a distant observer, while trapped particles cannot. In the
stationary case, the apparent horizon and event horizon are the same.
B. The Non-Stationary Case
Consider two rather different non-stationary cases.
Hawking radiation backreaction in an asymptotically flat context There is a scattering matrix
method for determining the thermal spectrum that applies in this situation [11]. One can use this method
to determine back-reaction effects on the Schwarzschild metric with fast moving particles. However it
seems to be hard to build the density matrix of cosmological black holes by this method in practice.
Hawking radiation for black holes in a cosmological context Recently, the tunneling method
was developed to express particle creation events with minimal conditions [14–16]. In the particle picture
of radiation for a stationary black hole, the tunneling method clarifies that both particle and antiparticle
tunneling contributes to the rate for the Hawking process, where the particle will be outside the horizon
and the antiparticle will be inside the horizon. In terms of a classical interpretation, this means the black
4hole tidal force near the horizon is so strong that it does not let the created particle pair annihilate each
other. But this picture is not complete because a quantum particle can be in the classically forbidden
region. Also most of the Hawking radiation has wavelengths of order m, and it is only well away from
the black hole that one can identify outgoing Hawking “particles” unambiguously. The semi-classical
energy-momentum tensor looks like a flux of “real” positive energy particles only at r > 3m at best, and
near the horizon has an ingoing flow of negative energy with no simple particle interpretation. For the
most part creation of the Hawking radiation is a highly nonlocal process that cannot be described as
taking place in a locally flat region around a single observer. However one can obtain valid local relations
by determining the expectation value of the matter stress tensor at each point.
The best way to describe the quantum particle is by the wave function amplitude, not the tidal force work
to create them. This description was used in the tunneling method calculations of [14, 15]. Quantitatively,
one can describe quantum particle creation by using the matter flux F and energy density E of radiation
determined from the stress tensor expectation value < Tµν > [6, 28]:
F = −uµnν < Tµν > , E = uµuν < Tµν > . (1)
This shows pure created matter properties relative to an observer with four-velocity uµ, where nµ is a
spacelike normal direction to this velocity, nµu
µ = 0. These quantities are observer dependent and for
both an infalling observer and static observer are positive [28] so that it is meaningless to distinguish a
place where the Hawking radiation originates [27]. This method shows that the apparent horizon plays a
key role in the particle creation process [12, 13, 17]. Therefore, this method inherently can be extended
to the case of dynamical black holes. However, it requires an important assumption: that the essential
adiabatic condition (eikonal approximation) must be satisfied for the wave equation around the apparent
horizon, which is related to redshifting and amplification of waves.
Reference [5] showed the Shankaranarayanan, Padmanabhan and Visser method (wave interpretation)
and the Parikh and Wilczek method (particle method) are the same in this context, and are in fact both
aspects of the tunneling method. It was shown that this adiabatic condition gives important limitations
on which cosmological black holes can emit Hawking radiation, and described the range of the resulting
mass spectrum, depending on the flux. Considering the created matter flux and densities, Padmanabhan
[28] confirms our analysis that the matter flux and density is positive outside the horizon for both static
and infalling observers. Moreover we can see created particles with all different wavelengths outside the
horizon according to the tunneling method, but their observed rates are different.
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FIG. 1: On the left hand: Particle creation without the UP. On the right: Particle creation considering the UP.
The OMOTS (Outer Marginally Trapped 3-Surface) is the same apparent horizon in both figures.
There is another approach which shows by using the energy conservation principle that a dynamical
black hole cannot emit radiation, as described in [6]. An observer with four-velocity uµ can measure the
5particle energy as
E = −pµuµ (2)
where pµ is the particle four-momentum. As depicted in the left hand side of Fig.(1), the particle and
antiparticle energy, E = −pµuµ, will both have the same sign at the point B and so energy conservation will
be violated around a dynamical black hole if we have pair creation around the dynamical apparent horizon.
But a created particle around the point A can have a different sign of energy from the antiparticle (which
preserves energy conservation) and so can become a long-lived actual particle. This energy calculation is
a classical result. However, we know that energy conservation will be broken in the quantum physics case
on small enough scales. From the uncertainty principle (UP) we know that
∆xµ∆pν ≥ ~
2
δµν , (3)
which is the covariant form of the UP presented in Appendix A (Eqn.(A5)). The particle/anti-particle
picture can be applied in the dynamic case using this uncertainty principle, which shows how particles
can be created around a black hole by vacuum fluctuations. In the next section we will how this can be
used to characterize the particle creation phenomenon around a dynamical black hole.
We do not claim that created particle must have a special wavelength, but rather give a constraint on
the frequency (wavelength) range that is derived from the dynamical nature of the process. We do not
use any specific one of the different methods often used, and particularly the tunneling method, to get our
result: we just use the quantum uncertainty principle to give a constraint on the spectrum of Hawking
radiation that will hold for all methods.
III. PARTICLE CREATION RATE FOR GENERAL BLACK HOLES
In quantum physics, quantum fluctuations allow the creation of particle-antiparticle pairs of virtual
particles. These pairs exist for an extremely short time, and then reciprocally annihilate. In some cases,
however, it is possible to boost the pair apart using external energy, therefore they avoid annihilation and
become actual (long-lived) particles. It was shown in [6] that to have long-lived particle creation (which
respects energy conservation) around a black hole, it is necessary that one particle falls into the black hole
(that is, inside the apparent horizon) and the second remains outside the apparent horizon. In addition we
know that energy conservation can be violated for short times according to the UP. Now, we want to see
when this principle allows that a virtual particle pair becomes an actual pair around a dynamical black hole.
Consider the right hand side of Fig.(1). At first the black holes radius grows, but finally it becomes
isolated [21] at point A. Note that here the event horizon is the causal boundary (a null surface) for the
region from which the particle can escape from falling into the black hole. The only case when particle
creation can occur is when the antiparticle falls into the apparent horizon so as to have negative energy,
and the particle gets to infinity (or to a distant observer) from outside the event horizon. According to
the UP (3), if a created particle near the horizon (in the simple case, a photon which moves on a null
geodesic at the point B) is supposed to be seen at future infinity and the related antiparticle falls inside
the apparent horizon, the particle — antiparticle distance must satisfy
∆x > ∆x0|dfree (4)
where ∆x0 is the distance between event and apparent horizon seen by a Free Falling observer released on
the far distance. A dfree observer is defined as a geodesically moving observer who starts from rest at a
large distance, which is outside the apparent horizon because we are considering the dynamical case with
6infalling positive density radiation. Here an observer is defined to be ‘at rest’ if they are such that the
area coordinate R is instantaneously constant for them at the time considered:
dR/dτ = 0 . (5)
This is possible when the surfaces R = const are timelike, which will be true at the event horizon or large
distance which is outside the apparent horizon in the dynamic case with infalling matter. This observer
is in fact a Kodama observer [33]. It is shown in Appendix B this vector is timelike outside the apparent
horizon, even though the apparent horizon itself is spacelike if matter is falling in.
Then ∆τ = ∆x0 is the time that a created particle takes to move from the event horizon to the
apparent horizon, in the dfree frame. As it is outside the event horizon, this particle can be seen from
outside. Here we assume that the time scale for a free falling observer to pass between the two horizons
is shorter than the time scale of the apparent horizon evolution.
According to the UP, the allowed range of momentum for these created particles is
∆p < ∆p0 =
~
∆x0
. (6)
In term of the energy-time UP, we get
0 < ∆E < ∆E0 =
~
∆τ
. (7)
On defining w := ∆E/~, the relation
0 < w <
1
∆τ
=: wup (8)
determines the allowed energy spectrum of radiation from a dynamical black hole in terms of the massless
particle frequency (the energy must be positive because of (2)). To have creation of a real particle as seen
by the dfree observer the energy should be in this interval, where all quantities are measured relative to
the dfree observer.
There is a similar result for the Schwinger effect [18]. To have actual particles arising from a virtual pair,
the probability to find one particle at the distance ∆x0 from another one is proportional to exp(−∆x0λ ),
where λ = ~mc is the Compton length for a particle of mass m. In the case that the particles are photons,
we have photons created if λν > ∆x0 or w <
1
∆x0
, which is similar to equation (7).
There are two further constraints on the black hole radiation spectrum [19]. The first one comes from
the adiabatic condition
wmin =
√
|κ˙| . w (9)
where κ is the surface gravity defined by [16] in the case of an evolving black hole, which says that the
spacetime geometry must be slowly evolving on the time-scale set by the frequency of the Hawking photon.
The second one is related to a phase space effect:
w . m
2 −m2extremal
2m
=: wps (10)
where mextremal is the extremal mass for charged or rotating black holes. This ultraviolet cutoff says that
the emitted photon energy can never be greater than the available mass energy.
7To calculate these spectral effects on the total luminosity of the black hole, we consider a Planck-
distributed flux of Hawking-like radiation which satisfies the adiabatic condition given in equation (6.26)
of the first reference in [20]: namely
|κ˙(u∗)|
κ2
 1, (11)
where κ = − p¨(u)p(u) with U = p(u) which U and u are affine parameters at future and past infinity respectively.
From [19], when we do not take the uncertainty principle into account, the total luminosity of the black
hole radiation can be written in the form
L =
1
2pi
∫ wps
wmin
dw
~w
e~w/T − 1f(w) (12)
with f(w) coming from a grey-body factor which includes backscattering, and the temperature is
T =
~κ
2pi
(13)
where κ is the surface gravity . Considering the allowed range of the energy spectrum (7), the radiation
luminosity around the dynamical horizon becomes
LUP =
1
2pi
∫ wmax
wmin
dw
~w
e~w/T − 1f(w) (14)
where
wmax = Minimum{wup, wps}. (15)
Note that equations (9)-(14) all hold in the dfree frame. We can define another useful quantity in this
frame:
P =
∫ wmax
wmin
dw ~w
e~w/T−1f(w)∫ wps
0
dw ~w
e~w/T−1f(w)
(16)
We call P the probability creation rate for a dynamical black hole. This quantity says by what fraction
the luminosity will be decreased when considering a dynamical black hole relative to a stationary black
hole with the same mass. The effect of the UP (2) is via the quantity wmax, which gives an ultraviolet
cutoff of the radiation spectrum. It is clear from (10) and (15) that 0 ≤ P ≤ 1. If ∆E0 = 0, then
{P = 1} ⇒ {LUP = L}. Another feature of this creation rate function is that it is proportional to ~,
which indicates that this is a quantum effect. In the classical limit ~ → 0 there is no particle creation.
This quantity is calculated relative to a far distant observer. For this observer, the thermal form of the
luminosity is kept. Note that for calculating the quantity wup, we need to calculate the distance between
two horizons as seen by a dfree observer on the horizon.
For highly dynamical black holes, the distance between the apparent and event horizons becomes
greater and wup will be smaller, hence we have less radiation flux: ∆τ  1 ⇒ P  1. In contrast if
the radiation influx into the black hole becomes smaller, the distance between the two horizons becomes
smaller and wup will be greater. Then ∆τ ' 0⇒ P ' 1.
Note that, a far distant freely falling observer dfree is defined for well-defined backgrounds such as a
black hole embedded in asymptotically Minkowski or FLRW spacetimes. If R is again the area distance
coordinate and τ is the proper time of the dfree observer, the reference frame dfree is defined as that for
which
dR
dτ
|r→∞ = 0. (17)
8This is uniquely defined because unlike Minkowski spacetime, these spacetimes are not invariant under
the Lorentz group (although they are asymptotically flat). One could use Gullstrand-Painleve´ coordinates
to describe the free falling observers at large distance. For a more generic backgrounds there is no unique
method for defining the reference frame in the curved spacetime.
We fix the frequency relative to this observer dfree by wup = wdfree as the observed frequency.
The standard method of deriving Hawking radiation uses the same reference for the thermal radiation
frequency. In the Bogoliubov transformation method [10] we choose the observer vacuum at a large
distance from Schwarzschild black hole and read the thermal radiation frequency from it. For reading the
thermal radiation from the quantum stress tensor we use the same distant observer to read the luminosity
of thermal radiation [6]. Since this observer will not see the gravitational time dilation and velocity
Doppler shift effects when the particle is released, the intrinsic frequency of the created particle is equal
to the frequency measured by this observer at that time.
Now we want to see how the particle goes to infinity. An arbitrary observer near the horizon will find
that the created particle frequency near the horizon is given by
wH = (uµk
µ)H (18)
where kµ is the null particle four vector, H means the horizon position, and uµ is the observer four vector.
This frequency will be changed by the gravitational time dilation and velocity Doppler shift relative to
the far distant observer. As shown in Fig.1, different freely falling observers will see different frequencies
for the received radiation frequency.
In the spherically symmetric case where the metric take the form
ds2 = −a(t, r)2dt2 + b(t, r)2dr2 +R(t, r)2dΩ2, (19)
let us transform the metric to the areal coordinate, R(t, r). With this transformation, dR = R′dr + R˙dt,
so
ds2 = −(a(t, r)2 + b(t, r)
2R˙2
R′2
)dt2 + 2
b(t, r)2R˙
R′2
dRdt+
b(t, r)2
R′2
dR2 +R(t, r)2dΩ2. (20)
We know that a free-falling observer does not detect anything abnormal when falling into the black hole.
We can transform the time of this metric to the proper time of a free falling observer i.e τ = t+ C(t, R).
Moreover, we demand that the constant time slice be flat (this means that we choose C so that the
coefficient of dR2 becomes 1). As a result, we get the following form of the metric relative to this free-fall
observer:
ds2 = −p(τ,R)2dτ2 + q(τ,R)2dRdτ + dR2 +R2dΩ2. (21)
In the Schwarzschild case where a2 = b−2 = (1− 2m/R), the dfree observer has proper time
τ = t+ C(t, R) = t− 2
√
2mR− 2m ln
√
R−√2m√
R+
√
2m
. (22)
Consequently, we get the Painleve metric
ds2 = −(1− 2m/R)dτ2 + 2
√
2m
R
dRdτ + dR2 +R2dΩ2. (23)
As is clear from this form of the metric, the areal coordinate R is the proper length relative to the proper
time coordinate in the radial direction.
9This quantity is invariant for any time and spatial (radial) coordinate transformation, so different radial
observers will see the same areal distance between the two points. The backreacted energy due to Hawking
radiation will reduce the black hole mass, determined as the Misner-Sharp mass m = 12RH [15], which
quantifies the black hole radius. For the dfree observer, the distance between two horizons can be expressed
as
∆x0 = ∆RH = 2∆m. (24)
The dτ = constant hypersurface in (21) is flat, which leads to (24). In the case that the black hole mass
grows from m = m0 to miso and becomes isolated, the free falling observer will see
∆x0 = 2(m0 −miso). (25)
We choose the dfree observer’s frame as a standard reference frame for measuring radiation frequencies.
But a different observer at different radial point will measure different frequencies. To see this change in
the frequencies, we know that the gravitational time dilation and Doppler effect can be calculated by the
redshift formula. As shown in the Fig.(1) the redshift of the frequency from a point C to point O where
the dfree observer is located is
1 + z =
w
wdfree
=
(uµk
µ)C
(uµdfreekµ)O
. (26)
Hence for an observer at point C the radiation spectrum is blueshifted with frequency w = (1 + z)wdfree.
This is like the Schwarzschild case in which the standard Hawking thermal flux is measure by a distant
observer at rest. Their result will be the same as that of the dfree obsrver, because their velocities are the
same at a large distance and the redshift relation (26) depends only on the 4-velocity, not the acceleration
(which will be different for them). Any other observer who is nearer will see a blue-shifted spectrum
[28, 29] in the case that the observer starts off from rest.
IV. AN EXAMPLE: THE VAIDYA BLACK HOLE
To estimate the creation rate function for a dynamical black hole, we apply this formalism to a dy-
namical Vaidya metric [26] (an exact spherically symmetric solution of the Einstein equations for infalling
radiation). In principal, these calculation can be extended to non-spherically symmetric cases. Note that
this geometry, which exactly represents infalling radiation, will apply only until Hawking radiation starts
and the outgoing flux becomes dominant.
A. Ingoing Vaidya metric
The Vaidya spacetime metric is
ds2 = −
(
1− 2m(v)
r
)
dv2 + 2dvdr + r2dΩ2 (27)
and from the Einstein equations has stress-energy tensor
Tab =
dm/dv
4pir2
dva dvb (28)
where m(v) is the mass and dΩ2 = dθ2 + sin2 θdφ2. The outgoing, `, and ingoing null geodesic, n, which
are cross normalized, `.n = −1, are:
` =
∂
∂v
+
1
2
(
1− 2m(v)
r
)
∂
∂r
(29)
n = − ∂
∂r
.
10
Their expansions are
θ` =
(r − 2m)
r2
, θn = −2
r
. (30)
If vµ = `µ − Cnµ is the tangent vector to the apparent horizon, where C is the evolution parameter, we
find the following equation for Vaidya black holes:
C = 2
dm
dv
. (31)
This shows that the parameter C is proportional to the matter flux which falls into the black hole.
Assume that the evolution is characterized by a time-scale Λ so that
m(v) = miM (V ) , (32)
where V = vΛ , and mi is the initial mass. To describe the near-equilibrium limit which we expect (see
[25]) to occur at large Λ (in this case “large” means large relative to mi), we set
Λ = miL . (33)
For the perturbative calculations (1/L) is a useful expansion parameter.
Defining a new radial coordinate R by
r = Rmi , (34)
the Vaidya metric becomes
ds2 = m2i
[
−
(
1− 2M(V )
R
)
L2dV 2 + 2LdV dR+R2dΩ2
]
. (35)
B. The Radiation formula: Slowly evolving case
As shown in [25], up to second order in (1/L), the distance between the event horizon and apparent
horizon can be obtained from
REH ≈ 2M(V )
(
1 +
4M˙
L
+
32M˙2 + 16MM¨
L2
)
. (36)
This expansion ensures that the black hole horizon is a slowly evolving horizon (SEH) [22]. Here the dot
indicates a derivative with respect to V . The distance between the event horizon and apparent horizon
for the dfree observer is
∆x = 2m(v)
(
4
dm
dv
+ 32(
dm
dv
)2 + 16m
d2m
dv2
)
. (37)
From (7) the allowed energy spectrum for this black hole is
∆E0 =
~
2m(v)
(
4dmdv + 32(
dm
dv )
2 + 16md
2m
dv2
) (38)
and the ultraviolet frequency for LUP is
wup =
1
2m(v)
(
4dmdv + 32(
dm
dv )
2 + 16md
2m
dv2
) . (39)
Therefore, by determining this frequency we can determine the frequency spectrum range and then the
particle creation rate from (14). Note that the equation (37) (which characterizes the distance between
the two horizons in the slowly evolving horizon case) does not work for dynamical black holes. It was
derived on the assumption that m˙ 1.
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V. NUMERICAL VALUES: GALACTIC BLACK HOLES
For a galactic black hole with mass 106M with accretion rate of about dmdv = 10
3 M
year and assuming
md
2m
dv2  dmdv , in SI units
∆E0 ≈ ~c
6
G2
1
mdmdt (1 +
8G
c3
dm
dt )
∼ 10−26J, (40)
so we have
wup = 10
8Hz. (41)
In SI units,
wmin =
c3/2
G1/2
√
m˙
m
= 10−16Hz (42)
and
wps =
mc2
~
= 1018Hz (43)
Since the wps > wup, the ultraviolet frequency spectrum will be
wmin . w . wmax = wup (44)
with wmin given by (42) and wup by (41). With this frequency spectrum, the numerical value for the
probability creation rate (16) of this black hole is
P ∼ 1.
This is not strange because the matter flux m˙ 1.
To present the horizon phase in terms of geometrical parameters, we need to define an invariant param-
eter. The C parameter is not invariant under changing the null geodesic parameter, so we have to make
an invariant quantity from this function and calculate it for the black hole apparent horizon. This new
quantity is
C¯ = Cθ2nR
2
H , (45)
and we get
C¯ = 4C = 8
dm
dv
(46)
for the Vaidya model. The numeric value of C¯ for a galactic black hole is
C¯ = 8
G
c3
dm
dt
∼ 10−8 (47)
which verifies that the black hole horizon is a slowly evolving horizon.
As a result, we consider Hawking radiation for dynamical black holes that have slowly evolving horizons.
For all values of the matter flux such that C¯ ∼ m˙  1 and we have a slowly evolving horizon, for the
probability creation rate (16) we get
P|SEH ∼ 1. (48)
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Now let us see how the value wup compares with the two other frequency cutoffs. According to equation
(39), more matter flux leads to smaller wup and less matter flux gives a greater value for wup. Now let us
see what happens if wup = wmin for a black hole with mass 10
6M. To satisfy this condition the matter
flux must be
dm
dt
= 1011
M
year
. (49)
Usually, it is not possible to have a black hole with such a huge flux. As a result, in practice wup > wmin.
In addition, the matter flux of this black hole in the case wup = wsp gives
dm
dt
= 10−75
M
year
. (50)
It is inconceivable to have cosmological black holes in such an isolated phase. As a result, in practice for
cosmological black holes we have
wmin < wup < wsp. (51)
The final conclusion is that the usual galactic mass black holes in a cosmological context will be slowly
evolving and will emit thermal radiation, but the temperature is below the CMB (Cosmic Microwave
Background) thermal temperature so it will not be visible. As an aside, the black hole heat capacity is
negative. This means that the greater the black hole mass, the less the Hawking temperature. Therefore
we cannot apply the classical thermodynamic scenario to them. Namely, if heat comes from the hotter
CMB radiation to the black holes, the CMB flux grows the black hole mass [5] and the black hole
temperature will decrease. Hence, the black hole becomes colder. There is not a classical thermodynamic
interpretation as in classical general relativity. Black hole radiation connects geometrically to other heat
fluxes like the CMB.
The assumed accretion rate is much greater than that normally considered astrophysically reasonable,
and is vastly super-Eddington. Therefore, the fact that the dynamic effects are small in this case is evidence
that deviations from the stationary black hole Hawking radiation are negligible for any astrophysical black
hole in the present universe. We show here that the Hawking radiation luminosity for astrophysical black
hole is very close to the stationary black hole luminosity.
VI. DYNAMIC BLACK HOLES: PRIMORDIAL BLACK HOLES
To have a good intuition for the spherical dynamical black hole particle creation rate in the case of
dynamic black holes, consider a dynamical black hole such that its initial apparent horizon radius is
ri = 2mi where mi is the initial Misner-Sharp mass [24] and it’s radius grows (due to the infalling matter
flux) till it becomes isolated and its final radius becomes
rf = 2(mi + δm) = ri + 2δm. (52)
As shown in equation (25) the distance between the two horizons relative to the dfree observer is
∆x0 = 2δm. Hence, the frequency wup can be obtained from equation (8).
We define the new parameter n as
n =
∆x0
ri
=
rf − ri
ri
(53)
which shows how much the black hole horizon grows relative to its initial radius. To get the order of
magnitude for the probability creation rate (16) we approximate the spectrum as a Planckian spectrum, as
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is also proposed in the tunneling method [30] in calculating the luminosity order of magnitude. Neglecting
wmin, we find the probability creation rate (16) for different numbers n as shown in Table (I).
Creation rate
n =
rf−ri
ri
5 10 15 20 25
P 0.99 0.75 0.46 0.28 0.18
TABLE I: n-Creation rate.
This table shows an interesting result: that for a dynamical black hole such that its final radius becomes
25 times greater than its initial radius, the luminosity of the particle creation rate dies off by a factor
P = 0.18. This result is compatible with the intuition from Fig.(1) that bigger n means bigger growth
of the horizon radius, and less created particles around ri at point B can escape to outside of rf at point A.
This result changes the expected primordial black hole radiation when they are located in the hot soup
of the very early radiation dominated era. It is probable that primordial black holes that were created
in the early universe eat this much matter flux, and their initial radius grows by this amount. The UP
frequency visibility, wup, is another observational effect in our analysis. For a Primordial black hole with
mass m = 1015gr if n = 0.1 or ∆x0 = 0.1ri the upper bound frequency becomes wup = 10
11Hz which can
be observable. Therefore, observing the radiating frequency cutoff can verify that this black hole was in a
dynamical phase at the emission moment.
VII. CONCLUSION
As this is a quantum effect, to understand the nature of particle creation near a general black hole we
need to adopt a radiation scenario that takes into account quantum fluctuations. The essence of quantum
fluctuations is based in Heisenberg’s uncertainty principle (UP) at the quantum level. We have used this
principle to study the nature of Hawking radiation near a dynamical black hole. Applying the UP allows
one to set limits on the energy spectrum of the radiation. The radiation spectrum has a dependency
on the distance ∆x0 between the apparent and event horizons which is measured by the dfree observer.
The new proposed spectrum (14) will reduce to the standard spectrum when the geometry becomes
stationary. We also defined the probability creation rate (16) to show by how much black hole radiation
will be decreased due to the dynamical nature of a black hole. Note that we did not claim that particle
creation takes place just on the horizon. We determined the minimum distance between the horizons
allowing pairs to be real in the dynamical case. From that we derived an upper bound for the radiation
frequency cut off.
To apply this to known black hole models, first we took the Vaidya model where we can explicitly
calculate the distance between the two horizons. But it is in an adiabatic phase, and has a slowly evolving
horizon. We have shown that the probability creation rate for such a Vaidya black hole which has a
slowly evolving horizon is P ∼ 1. This verifies our last work [6], where we inferred that black holes with
slowly evolving horizons emit Hawking radiation. This result also is compatible with the thermodynamics
principle that says temperature is meaningful only in the case of equilibrium or near equilibrium systems.
To study dynamical models, we need to make numerical simulations. It is suggested by this investigation
that a black hole starts emitting radiation when it becomes slowly evolving. But our spectrum discussion
concerns general black holes, and will apply in that case as well as the dynamic case. In addition,
to get some intuition for the probability creation rate of a dynamical black hole, we calculated this
quantity for a spherical black hole such that its apparent horizon grew several times due to accretion. As
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shown in the Table (I), the probability creation rate will not be negligible in the case that its horizon
grows 10 times greater. This seems to be an important result for primordial black hole radiation.
We have inferred that this frequency cut off, wup, can be observable for dynamical primordial black
holes, and we can consider it to be a parameter which shows the primordial black hole growth at the
emission moment. Since these black holes were created in the radiation dominated era when they were
surrounded by a hot soup, these black holes can grow substantially. This paper confirms our last pa-
per’s results [5] that we have to revise the primordial black hole radiation formula to take this into account.
The case of a primordial black hole considered here does exhibit a breakdown of the quasi-stationary
approximation, but one might assume that Hawking radiation is totally negligible compared with the
thermal radiation of the early universe and classical gravitational radiation associated with the black
hole formation process. There may be no observational consequences of the result. However our result
challenges the dynamical primordial black hole radiation result which is mentioned in the literature [32].
To check this result one needs to quantify the Hawking radiation flux and compare it with the incoming flux
of thermal radiation of the early universe. The scope of this paper is not to consider in detail primordial
or astrophysical BHs, it is to consider general principles at work. Table I is just an example, but is not
applied to any specific simulation.
Appendix A: Covariant Uncertainty Principle
Although there is not a full relativistic version of quantum mechanics, we can generalize some quantum
mechanics aspects to the curved spacetime case. Consider a test particle (it does not affect the spacetime
curvature) which has passive mass m. The four-momentum of this particle is Pµ = mvµ where vµ is the
particle four-velocity. An energy-momentum tensor follows from a Lagrangian for this particle, and this
energy-momentum tensor gives the four-momentum vector measured by an observer with four-velocity uµ
as Pµ = uνT
µν . We define the Hermitian operator Pˆµ which corresponds to the energy-momentum vector
which generates the infinitesimal change, dxµ, in the curved spacetime as
|ψ(x0 + dxµ)〉 = e−idxµPˆµ/~|ψ(x0)〉 (A1)
A path in the Hilbert space is generated by the operator Pˆµ = −i~∇µ. The proper time (invariant
distance) for this infinitesimal transformation becomes
ds2 = gµνdx
µdxν (A2)
with the unit orientation nµ = dx
µ
ds . Using the metric signature (−,+,+,+) we define the covariant
canonical commutation relations
[Xµ, Pˆ ν ] = i~gµν ,
where Xµ measures the distance of the particle from the origin. One can define the projection matrix
hµν = gµν + uµuν which projects tensor quantities to the hypersurface which is orthogonal to uµ. Any
measurement of space and momentum has an uncertainty relation
〈hµρdxρ〉〈hναPˆα〉 ≥
~
2
hµν (A3)
relative to the observer with 4-velocity uµ. Similarly, one can infer that the time-energy measurement has
the uncertainty relation:
〈uρdxρ〉〈uαPˆα〉 ≥ ~
2
. (A4)
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Using the equivalence principle the free-falling observer see these uncertainty relations as a simple form
∆xµ∆pν ≥ ~
2
δµν . (A5)
where ∆xµ = (∆t,∆xi) and ∆pµ = (∆E,∆pi) with i = 1, 2, 3.
Appendix B: Kodama vector in the spherically symmetric case
Take a collapsing ideal fluid within a compact spherically symmetric spacetime region described by the
following metric in comoving coordinates (t, r, θ, ϕ):
ds2 = −e2ν(t,r)dt2 + e2ψ(t,r)dr2 +R(t, r)2dΩ2. (B1)
Assuming the energy momentum tensor for the perfect fluid in the form
T tt = −ρ(t, r), T rr = pr(t, r),
T θθ = T
ϕ
ϕ = pθ(t, r) = wρ(t, r), (B2)
with the weak energy condition
ρ ≥ 0 ρ+ pr ≥ 0 ρ+ pθ ≥ 0, (B3)
where w is constant. The Einstein equations give,
ρ =
2M ′
R2R′
, pr = − 2M˙
R2R˙
, (B4)
ν′ =
2(pθ − pr)
ρ+ pr
R′
R
− p
′
r
ρ+ pr
, (B5)
− 2R˙′ +R′ G˙
G
+ R˙
H ′
H
= 0, (B6)
where
G = e−2ψ(R′)2 , H = e−2ν(R˙)2, (B7)
and M , the Misner-Sharp mass, is defined by
G−H = 1− 2M
R
. (B8)
It can be shown [24] that if a perfect fluid collapses the apparent horizon will form at R = 2M . Consider
a two-sphere with R = constant. We can define timelike and spacelike normal vectors to this compact
surface. Consider the radial vector
Kµ = e−ν−ψ(R′,−R˙, 0, 0) (B9)
which is called the Kodama vector. The amplitude of this vector is
|K|2 = −KµKµ = e−2ν−2ψ(e2νR′2 − e2ψR˙2) . (B10)
Using equation (B7) and equation (B8) this equation gives
−KµKµ = 1− 2M
R
. (B11)
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It can thus be easily seen that the Kodama vector outside the apparent horizon (R > 2M) is timelike;
inside the apparent horizon (R < 2M) is spacelike; and on the apparent horizon (R = 2M) is null. On
the other hand, we know that the event horizon is located outside the apparent horizon. As a result, the
Kodama vector is timelike on the event horizon.
Acknowledgments: We thank the Oxford University Physics Department, and particularly John
Miller and Pedro Ferreira, for hospitality. We thank John Miller, Ilia Musco, Abasalt Rostami and Valerio
Faraoni for useful discussions.
GE thanks the National Research Foundation (South Africa) and the University of Cape Town Research
Committee for financial support.
[1] A. Krasinski and C. Hellaby, Phys. Rev. D 69, 023502 (2004); C. Gao, X. Chen, Y. G. Shen and V. Faraoni,
Phys. Rev. D 84, 104047 (2011); J. T. Firouzjaee and R. Mansouri, Gen. Rel. Grav. 42, 2431 (2010); J. T.
Firouzjaee, M. Parsi Mood and R. Mansouri, Gen. Rel. Grav. 44, 639 (2012); R. Moradi, Javad T. Firouzjaee
and R. Mansouri, Class. Quant. Grav. 32, no. 21, 215001 (2015).
[2] I. Musco, J. C. Miller and L. Rezzolla, Class. Quant. Grav. 22, 1405 (2005).
[3] S. W. Hawking, M. J. Perry and A. Strominger, arXiv:1601.00921 [hep-th].
[4] R. H. Boyer (1969) Proc. R. Soc. Lond. A 311:245-252
[5] J. T. Firouzjaee and G. F. R. Ellis, Gen. Rel. Grav. 47, no. 2, 6 (2015).
[6] J. T. Firouzjaee and G. F. R. Ellis, Phys. Rev. D 91, no. 10, 103002 (2015).
[7] G. F R Ellis, arXiv:1310.4771 [gr-qc].
[8] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 2738 (1977).
[9] S. M. Christensen and S. A. Fulling, Phys. Rev. D 15, 2088 (1977).
[10] S W Hawking (1975) Comm Math Physics 43: 199-220.
[11] G. ’t Hooft, Int. J. Mod. Phys. A 11, 4623 (1996).
[12] R. Di Criscienzo, S. A. Hayward, M. Nadalini, L. Vanzo and S. Zerbini, Class. Quant. Grav. 27, 015006 (2010);
J. T. Firouzjaee and R. Mansouri, Europhys. Lett. 97, 29002 (2012)
[13] T Clifton (2008) Class.Quant.Grav. 25:175022.
[14] K. Srinivasan and T. Padmanabhan, Phys. Rev. D 60, 024007 (1999); S. Shankaranarayanan, T. Padmanabhan
and K. Srinivasan, Class. Quant. Grav. 19, 2671 (2002).
[15] M. K. Parikh and F. Wilczek, Phys. Rev. Lett. 85, 5042 (2000).
[16] M. Visser, Int. J. Mod. Phys. D 12, 649 (2003).
[17] P. Hajicek, Phys. Rev. D 36, 1065 (1987).
[18] I.J.R. Aitchinson, Contemporary Physics 26 331 (1985).
[19] M. Visser, JHEP 1507, 009 (2015).
[20] C. Barcelo, S. Liberati, S. Sonego and M. Visser, JHEP 1102, 003 (2011); C. Barcelo, S. Liberati, S. Sonego
and M. Visser, Phys. Rev. D 83, 041501 (2011)
[21] A. Ashtekar, C. Beetle, O. Dreyer, S. Fairhurst, B. Krishnan, J. Lewandowski and J. Wisniewski, Phys. Rev.
Lett. 85, 3564 (2000).
[22] I. Booth and S. Fairhurst, Phys. Rev. Lett. 92, 011102 (2004)
[23] G F R Ellis, R Goswami, A I. M. Hamid and S D. Maharaj arXiv:1407.3577 [gr-qc].
[24] J. T. Firouzjaee, Int. J. Mod. Phys. D 21, 1250039 (2012)
[25] I. Booth and J. Martin, Phys. Rev. D 82, 124046 (2010).
[26] P. Vaidya, Proc. Indian Acad. Sci. A 33, 264 (1951).
[27] S B. Giddings “Hawking radiation, the Stefan-Boltzmann law, and unitarization” arXiv:1511.08221.
[28] S. Chakraborty, S. Singh and T. Padmanabhan, JHEP 1506, 192 (2015). arXiv preprint arXiv:1503.01774
(2015).
[29] L. C. Barbado, C. Barcelo and L. J. Garay, Class. Quant. Grav. 28, 125021 (2011).
[30] L. Vanzo, G. Acquaviva and R. Di Criscienzo, Class. Quant. Grav. 28, 183001 (2011).
17
[31] L Susskind and J Lindesay, An introduction to black holes, information and the string theory revolution. World
Scientific, Singapore (2005): 10.
[32] D N Page and S. W. Hawking. ”Gamma rays from primordial black holes.” The Astrophysical Journal 206
(1976): 1-7; Ukwatta, T. N., et al. ”Observational Characteristics of the Final Stages of Evaporating Primordial
Black Holes.” arXiv preprint arXiv:1507.01648 (2015).
[33] H. Kodama, Prog. Theor. Phys. 63, 1217 (1980).
